Background. We work over an algebraically closed field k of characteristic 0. Let V 5 be a 5-dimensional vector space. A Gushel-Mukai (GM) variety is a smooth n-dimensional intersection
where A X is a "K3 category", i.e. has Serre functor S A X = [2] given by the shiftby-2 functor. Kuznetsov conjectured that if X is rational, then A X is equivalent to the derived category of a K3 surface. Further, he proved that this condition holds for the known families of rational cubic fourfolds, but does not hold for a very general cubic.
Results. Our work extends the parallel between GM and cubic fourfolds to the level of derived categories. In fact, for any GM variety X (not necessarily a fourfold) we defined a special subcategory of D b (X) as follows. Projection from the vertex of CGr(2, V 5 ) gives a morphism f : X → Gr(2, V 5 ), and pulling back the ample generator of the Picard group and the rank 2 tautological subbundle on Gr(2, V 5 ) gives bundles O X (1) and U X on X. We showed there is a semiorthogonal decomposition
, where n = dim(X). The following result gathers some of the basic properties of the category A X .
Theorem 1 ([6]
). Let X be an n-dimensional GM variety.
(1) The Serre functor of A X is given by S A X = [2] if n is even, and by
The Hochschild homology of A X is given by
(3) Suppose either that n ≥ 4 is even and X is very general, or that n is odd. Then A X is not equivalent to the derived category of any variety.
Part (1) of the theorem shows that, in terms of its Serre functor, A X behaves like the derived category of a K3 or Enriques surface according to whether n is even or odd. Part (2) shows that this analogy persists at the level of Hochschild homology if n is even, but breaks down if n is odd (the Hochschild homology agrees with that of a K3 surface if n is even, but with that of a genus 10 curve if n is odd). This discrepancy when n is odd implies part (3) for such n, whereas the result for even n follows by relating it to the existence of algebraic cycles on X and using the period map.
In dimension four, however, we proved that A X does sometimes coincide with the derived category of a K3 surface. To explain this, we need some terminology. A GM variety X is called ordinary if the linear space P n+4 appearing in the intersection defining X does not contain the vertex of CGr(2, V 5 ). Equivalently, X can be expressed as X = Gr(2, V 5 ) ∩ Q, where Q ⊂ P n+4 is a quadric hypersurface inside a linear subspace P n+4 ⊂ P(∧ 2 V 5 ).
Theorem 2 ([6]
). Let X be an ordinary GM fourfold which can be expressed as
The fourfolds in the theorem form a 23-dimensional family (a divisor in moduli), and can be characterized as those ordinary GM fourfolds containing a quintic del Pezzo surface. The K3 surface Y is actually a GM surface, given explicitly by
. In fact, Theorem 2 verifies a special case of a duality conjecture that we formulated, which gives equivalences between the categories A X for GM varieties of possibly different dimensions. Further, we note that fourfolds as in the theorem are rational. Hence the result can be considered as evidence for the GM analogue of Kuznetsov's rationality conjecture for cubic fourfolds.
Our final result directly connects the K3 categories of GM and cubic fourfolds.
Theorem 3 ([6]
). Let X be a generic GM fourfold containing a plane of the form
Then there is a cubic fourfold X such that A X A X .
The GM fourfolds in the theorem form a 21-dimensional family (codimension 3 in moduli). Projection from the plane Gr(2, V 3 ) maps the GM fourfold X birationally onto the cubic fourfold X , and we use the structure of this birational isomorphism to establish the result. We remark that if X is a very general fourfold satisfying the assumption of the theorem, then A X is not equivalent to the derived category of a K3 surface; thus Theorem 3 is of an essentially different nature than Theorem 2.
